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Large disclaimer:

These are badly written draft lecture notes which contain numer-
ous errors, a few of which I know about and most of which I do
not. These should therefore only be used during the workshop —
later, I will upload a (somewhat) corrected version.

Please help me in improving these by sending me corrections of
the numerous mistakes to

b.s.lambert@leeds.ac.uk

I would also be grateful for any comments/advice on anything

that is “technically correct but unclear”.
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Due to their “extreme draft” nature, I would be grateful if you
would not share these with anyone outside of the conference before
I write some corrections!

1. PARABOLIC PDES AND FUNCTION SPACES
1.1. Degrees of nonlinearity. The model parabolic PDE is the heat equation
u = Au

which takes a temperature distribution and then smooths it out over time. More accurately,
for this to be well posed (unique solution depending continuously on initial data), we could
consider the Dirichlet problem for the heat equation: For some 7" > 0 and some domain
Q C R, we consider u : © x [0,7) — R with initial data ug : Q — R such that

u—Au=0 for (z,t) € Q2 x[0,7T)
u(z,0) =ug for x € Q
u(z,t) =uy  for (z,t) € 02 x [0,T) .

It will be useful at this point to define Qr = Q x [0, 7).

The above equation is well posed and satisfies good properties (see later sections of the
notes). An alternative to Dirichlet boundary conditions could be Neumann boundary con-
ditions, in which the last line is replaced by

v+ Du(z,t) + e(z, t)u = h(z,t) for (z,t) € 02 x [0,T)
for some functions e, f on 92 x [0,7) and ~ a vector field on R™ such that n-v > b >0
where n is the normal to 0f2.
For this course, to avoid dealing with boundary values and compactness issues, we will be
considering u : M™ x [0,7T) — R for some compact M™, which will typically be S™ (if you
are not used to manifolds, imagine this to be functions on the n torus, which is equivalent to

considering n-periodic functions on R™ — these functions are entirely defined by their values
on the unit cube). For such a u we will consider

u—Au=0 for (z,t) € M™ x [0,T)
w(z,0) =ug forxz e M"

We will say that a matrix a¥ is A\-A positive definite for some 0 < A < A if for any
¢ € R*\ {0},
(1) MNP < a€i5; < Mgl

More generally we need to consider more complicated PDEs than the heat equation, in
each case replacing the first equation in the above equations:
Linear parabolic PDEs: We consider the operator

Lu = u; — a" (x, t)Dz-qu —b'(z,t)Dju — c(x, t)u

where L is said to be parabolic (or A-A parabolic) if there exists 0 < A < A so that
for any (z,t) € Qr, a"(x,t) is A-A positive definite (in the sense of ([I))). We consider
the equation

Lu=f
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on 7. The exact assumptions on the regularity of the coefficients a¥, b, c, f will
turn out to be very important later. The theory of linear PDEs is vital to us for
nonlinear PDEs, particularly as these are linearisations of geometric PDEs.

Quasilinear equations: We could consider instead

Q(u) :== u, — AY(Du,u, z, t)D?ju — B(Du,u,x,t) ,

where we would replace the heat equation with Q(u) = 0 (note that every linear
equation is a quasi-linear equation!). This equation will be called uniformly parabolic
at u there exists 0 < A\ < A such that A% |(z,t,u,Du) 18 A=A positive definite. Equations
of this form include mean curvature equations, such as graphical mean curvature flow

given by
iy DiuDiu
= (6" - ——" | D>u.
“t ( 1+rDu\2> ch

Fully nonlinear parabolic PDEs: Here we consider

Pu = u; — F(D*u, Du,u, x,t)

which will be called parabolic at u if its linearisation is a parabolic operator, and
we would aim to solve Pu = 0. Assuming that F' is C! in every entry and writing
F(r,p,z,x,t) for r € R™" p € R" and z € R, then the above equation is parabolic
at u iff its linearisation is parabolic at u, that is

d
Lp,w:= d_| o ((u+ sw); — F(z,t,u+ sw, Du+ sDw, D*u+ sD*w))
5§57
OF 5 OF OF

TN Oy [ 020D P a_];)i‘(Dzu,Duvu,x,t)D i §‘<D2u,Du,u7x,t)w
. . . . OF .
is also parabolic. Equivalently there exists a 0 < A < A such that Bre; | (2.0, D, D) 1S

A-A positive definite. Examples of such PDEs include the parabolic Monge-Ampere
equation

uy = det(D?u)
for convex u, or the Gauss curvature flow
det(D%u)
(1 + |Dul)F*

As we will need them regularly, we introduce the notation

oF

aTij ‘ (D2u,Du,u,x,t)

oF

oF
a_pi ‘ (D2u,Du,u,x,t) — 4ty

_ Fil,, .
u Oz (D?2u,Du,u,z,t)

F,|

w "

Danger: Despite only u being mentioned in the restriction, this actually depends
on up to the second derivatives of u. I will also abuse this notation further, for example
writing F/,(, 4 for the function F*|, at the point (x,t). The restriction will also be dropped
if it is clear from context.

Usually in nonlinear PDEs as above, we will not be able to prove uniform parabolicity for
all u. Functions u such that make the PDE parabolic are called admissable.
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Definition 1 (Admissability). We define the set of all admissable functions with parabolicity
constants A\-A to be

Daa(Qr) == {u € C*(Qr) : L,, is \-A parabolic} ,

where C%'(Qr) is the set of all functions twice continuously differentiable in space, once
continuously differentiable in time. We will say that initial data ug : 2 — R is A\-A admissable
if there is a time 7 > 0 so that @g(x,t) := uo(z) has Gy € I'\ A(£2;).

Note that if F],,|.—o is A-A positive definite, then by continuity, uo will be 3-2A admiss-
able (or indeed %—MA admissable for any p > 1). In general we will almost always need to
assume some convexity of I'y o

Example 1. The Monge-Ampere equation above we have F' = det(D?u) so

OF
8rij

= [adj(D?u)]y; = [(D*u)™"i; det(D*u) .
This is clearly only positive definite if D?u is positive definite, i.e. admissability will require
that wu is strictly convex.

1.2. Parabolic function spaces. We define parabolic Holder norms on the basis that for
the heat flow one time derivative corresponds to two space derivatives. We define parabolic
function spaces and distances to respect this: For a domain €2 C R", we define

Qr :=Qx[0,T),
and define a metric on 27 by
d((2.1), (4, %)) = max{lz — yl. |t = 5|2} .
A parabolic cylinder of radius r is given by
P(x,t,r) = B.(2) x (t =7, t] = {(y,8) € Qr : d((,t), (y,8)) < r and s < t} .

The parabolic boundary of a set S C R™ x R, written P(Qr) is the set of all points such
that any parabolic cylinder contains points outside the set. In particular

P(Qr) = (02 x [0,T)) U (2 x {0})
We define the parabolic Holder semi-norm on €27 to be
\u(:c, t) B U(?/, 3)|
[U]a,0p = sup
" eaowsenr d(@1), (y,5))°

Unfortunately, for a complete definition, we also need a further semi-norm, just in time. For
u : Qr — R we define

R
t#s
From these semi-norms we can define the parabolic Holder norms. A multi-index is an
n-tuple, 8 = (8',...,8") € Z%,, where we define |8] = ' + ...+ . Given any such § we
define Dgu = D' DY ... Db,
4



For a function u : Q7 =+ R, k € N and « € (0, 1),

’u‘O,QT = ‘u’CO(QT) = sup |u(z,t)|
(.’II,t)GQT
ey = lilgus g, = O 1D Dol Dlos
2r-+|BI<k
k
[Db2ulaq, = Y [DiDgu(z,t)lag;
2r+|B|=k
k=1
<Dk b2 u>“T+1,QT = Z <DID,BU(37>75)>1+T“,QT
2r+|8|=k—1
k _q k=1
|u|k+a,QT = |u’0k_~_(l kta ke o) = |’U,|k’QT + [Dk’zu]a’QT + <Dk 1,545 U>HTQ79T

where in the above. Importantly, for £ # 1, the <Dk’1’%u>1+Ta7QT term essentially doesn’t
contribute to the Holder norm (also note that this is zero for £ = 0) in the sense that we
could remove this and get another equivalent norm - we will see this in our interpolation
lemma later. This term is an irritating necessity for £ = 1 (see Exercise @! We will define
function spaces by those functions which have finite norm, so,

k+a

CH 27 (Qp) = {u € C(Qyp) : |u]ck+a Be o < oo} .

Suppose that {2 is a domain of compact closure and 7' € R.y. We begin by stating a number
k+a

of properties of C*T%™5" (Qp):

e We may obtain elliptic Holder norms for a function f : {2 — R, by extending this to
be constant in time on Qr, i.e. fr(z,t) = f(r). Then |f|cro@) = [frlktanr. As we
will mainly be applying this on initial data, from now on we will denote the elliptic
Holder norm by ’f|k+a : \f’cfm«(ﬂ) = | frls+a00-

e Suppose that u € CF+e = (Q7) where Q7 is a set of compact closure. Then there ex-

ists a unique continuous extension of u to Qr, such that all derivatives are continuous
up to the boundary.

e The Extension Property: Suppose that u € CHO‘?HTQ(QT) where Qr is a set of
compact closure and 0f2 is smooth (in fact, it is enough for it to be written locally
as a C>® graph). Suppose additionally that Q C €' c R™*! for some open €. Then
there exists a C' = C(Q, ) > 0 such that any u € C27**5*(Q7) may be extended

toa: Y x (—1,7 + 1) where @ = 0 in a neighbourhood of (€' x (—=1,7 4 1)) and
||kt x (<1,741) < Olt|pa,0r

(see Gilbarg and Trudinger [3, Section 6.9 on p136] for the elliptic equivalent of this).

o C*:%5% () is a Banach space.
o If k)l €Zspand a,f € (0,1) with | + 8 < k + « then

CFrot () € OB Q)

Furthermore, using Arzela-Ascoli the inclusion map in the above is a compact map-

ping — that is to say, any bounded set is Cktastse (QT) is a set of compact closure in
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C”B;#(QT). For example, for k = | = 0 we have that if for some sequence u; € C%%
with ‘ui|a < C:

(1) The sequence u; is equicontinuous (by definition of the Holder norm) so by
Arzela-Ascoli (Theorem [33)), there is a subsequence (also labelled with ¢) which
converges to some continuous Uy .

(2) In fact, |uso|a < C (exercise)

(3) Furthermore, |u; — ux|s — 0 as i — oo (exercise).

(4) More generally this is easily extended to k,l # 0. (another exercise)

Assumption 1. From now on assume that €2 is of compact closure!

Example 2. If u € C2+O‘?Q+TQ(QT) then in terms of elliptic Holder spaces,

u, Du, uy, D*u € C°(Qy)

additionally that for all ¢ € [0,7),

(-, ), D2u(-, 1) € C°(Q) .

and for any x € 2,

w(z,-), D*u(z,”) € C5([0,T)),  Du(x,) € C=(0,T)).

1.3. Strategy for fully nonlinear parabolic PDE long time existence theorems.
Firstly, not all parabolic PDEs have smooth solutions for all time (e.g. consider the famous
singularities of mean curvature flow or Ricci flow)! In these cases, it is often point (3)
below which generally fails in one way or the other. Suppose now that that F' is smooth
and “sufficiently nice” (see section . Our general strategy for proving that a geometric
parabolic PDE exists for all time is below:

(1)
(2)

Short time existence (under fairly weak conditions on F', if the initial data wug is
admissable, the equation always exist for a short time in 02+°‘?2+Ta).

Boot-strapping estimates bumps up the regularity from 2 4+ « to k + « for arbitrarily
large k. This gives uniform estimates while the flow is uniformly bounded in 2y
and it remains uniformly parabolic (i.e. A doesn’t decay to zero, A doesn’t explode
to infinity).

Find some way (typically by the maximum principle) to show that while the flow
exists, it remains uniformly parabolic and has a uniform C%*! bound. This part of
the process necessarily is not always possible and typically uses the structure of the
specific equation in question.

Use Krylov-Safonov estimates to prove that once you have uniform C%! estimates,
you have uniform O+ 55 ogtimates. (For this, you will need to assume at least C*
initial data).

Therefore: Your PDE has a solution for some small time. For a contradiction, we
now suppose that T' < oo is the maximum time at which there exists a solution.
Up to time T the above implies that the solution is uniformly bounded in 2ty
and so by boot strapping, the solution is smooth. Taking a limit of u(-,t) as t — T
we get a smooth function ur which is admissable. We may now restart the flow
using our short time existence theorem extending the solution up to time 7" 4 € and

contradicting the maximality of T'.
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If our flow is only quasilinear, then everything happens one order lower. Boot strapping
14+ . . . .
works for C** 5% functions. We only need to get C! estimates and parabolicity by hand

(replacing part 3), and part 4 can be replaced by the Nash-Moser-De Giorgi estimates.

1.4. Equivalent norms, Ehrling’s Lemma and interpolation. Our next lemma points
out that (up to a constant) we could drop the final term of the definition of parabolic Holder
norm as long as k # 1. We prove this for k = 2, but the general case is identical.

Lemma 1 (Dropping the (-) term). Suppose that Q@ C Q' such that there is a A < 1 so that
for allx € Q, By(x) € Q. Then for P = x [\, T + X\?], there is a constant C = C(n, \)
such that for any u € C2r*3*(P) and 1 <i < n,

(3) (Diu) e o, < [D*'u]o,p + C|Dulo,p -

Proof. For any x € (), we estimate

Dyu(x,t) — Dyu(z, s
U e wp D) = D)
t,s€[0,T),t#s |t—5| 2

directly.

Suppose first that |t — s| > A. Then U(x) < 2A7!|Du| and we are done.

Now suppose that [t —s| < A and (wlog) ¢ > s. Recall that the integral form of the Taylor
expansion states that

u(x + de;, t) = u(z) + dDu(x) + /d(d — z)Dju(z + z)dz

Then, writing d = v/t — s we may estimate
|Dsu(z,t) — Diu(x, s)| = |Dyu(z,t) — d ' (u(z + de;, t) — u(x,t))
+d HNu(x + des, t) — u(z, t)) — d Hu(z + de;, s) — u(z, s))
+ d Hu(x + de;, s) — u(x, s)) — Dyu(x, s)|
- ‘_cll /Od(d — 2)Dyu(x + z,t)dz
+d N (u(z + des, t) — u(z + deg, s)) — dHu(w,t) — u(x, s))
1

d
+ / (d — z)Dju(z + z,s)dz
0

= ‘_cll /Od(d — 2)(Dsu(z + 2,8) — Dyu(z + z,t))dz

d2
+d / (we(x + dej, s + 2) —w(z, s + 2))dz
0

D.. d d?
[Diit] / (d — 2)d°dz + dV o p / d*dz
d 0 0

1
< Jtte <§[Diiu]oz,P + [Ut]mP)
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Corollary 2. IfQ is a compact domain with a C*** boundary. Then there exists a constant
C depending only on n and ) so that

(Ditt) 150 6, < [D*'t]a,0, + C|Duloa,
This follows from the extension property from the previous subsection.

Corollary 3. Let k € Zsg, k # 1 and a € (0,1). Let Q be a compact domain with a C*+e
boundary. Then there exists a constant C' depending only on n and 2 so that

(DM ) an g, < C((DM2ulaq, + [DF 2 uloq,)
Sketch of proof. This is identical to the above. OJ
The following is a very useful lemma which is applicable in a wide number of places.

Lemma 4 (Ehrling’s Lemma). Let U,V,W be Banach spaces such that U is continuously
embedded in V' which is continuously embedded in W 1i.e.

U—-V —->W.

Suppose that U — V is compact. Then for all € > 0 there exists a constant c. = c.(€) such
that

lullv < ellully + cellullw -
Proof. Suppose not. Then there is an € > 0 and a sequence u; € U such that
[urllv > ellurllo + Elluk/lw -

Wlog (by multiplying through by a constant) we may take ||u|yy = 1. This inequality implies
that ||Jug|lw — 0in W and |Jug ||y < e~!. By compactness of the first embedding there exists a
subsequence (also called wy) such that u, — u for some u € V. We also have that ||u|ly =1
by continuity of the norm. By continuity of the second embedding we also have that uy
converges to u in the || - [|j norm. We also have that ux — 0 = u. By injectivity of the
second mapping (from the embedding property) u = 0 in V', a contradiction as ||ully = 1. O

In particular, note that for € of compact closure, for [ + 8 < k + «, for k,l € Z>o and
a,B € (0,1), then CF"3*(Qy) C C’Hﬁ;#(Q_T) C C°(Qr) where the first inclusion is
compact by Arzela—Ascoli as mentioned in the properties above. The disadvantage of the
above is that we have no idea of how ¢, depends on ¢ (and cannot have any idea).

For Holder norms we can do better than this, namely the following:

Proposition 5 (Hélder interpolation). Suppose that Q@ C R™ has compact closure and a
smooth boundary (in fact a boundary that can be written as a C*** graph is enough). Let
k € Z>o and a € (0,1). Then there exists a constant C = C(k, «) such for any u € Chtostye
and any | € Zxo and € (0,1) with |+ 8 < k + «,

(hto)—(+8) 148
ulips < Clulg ™ Julil

Below I sketch out a few points on how this can be proven where (for simplicity) I take

k = 2. The general case follows similarly.
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Lemma 6 (Interpolation). Let P be one of either R™ x [0,00) or R™ X (—00,0]. Then there
is a constant C' = C(n) such that for any u € C***3*(P) and 1 < i,j < n,

(4) [utlo.p < e[D* uqp + Ce = |u|0,p
(5) |D,L-2ju|0,p < [Dz’lu]a p+ Ce olulgp
(6) |Dyulo.p < e[D* o p + Ce o |ulg p
(7) [Ditt)a.p < €[D* ulq.p + Ce Ty p
(8) [Ua.p < €[D* ulap + Ce 2 |ulo.p
9) (Dju), < [Dz’lu]a p+ Ce (1t |u|0 P

Proof. Our aim will be to prove this for e = 1. Once we have this, the general € case follows
by scaling.

For example, suppose that we know that there is a C' so that for any f € C’2+‘”2+TQ(P),
the first of these holds, that is

| felo.p < [D*! fla,p + Clflop -
We consider the parabolic rescaling of u: For any A € R, define
ut(z,t) = u(dx, \%t) .

Then as |up]op = N ulop, [D*'uMar = N2 [D>ulyp, [utopr = |ulop, by applying the
above with f = u?,

Nluglo.p < N [D>' o p + Clulop -
Equivalently
’ut|0’p S )\a[DZ’lu}mp —+ )\720"&’0’;) .

so setting A = €a gives the first equation.
We now prove the first of the above. We have that

s (2, 8)| < Jua(, 1) = (u(z, t41) —u(z, 1)) | +2Julo p = |ulz, t) = (2, 0)[+2lulo.p < [uila,p+2Julop

therefore we have the first above. I leave the others as an exercise, but note that this is also
in either the notes of Picard [7, Proposition 3, p12] or a book by Krylov [4, Theorem 8.8.1,
pl24]. O

Corollary 7. If Q is a compact domain with a C** boundary. Then there exists a constant
C' depending only on n and ) so that all of the estimates in Lemma [ hold.

Proof. This follows from the extension property for Holder spaces. [l

Corollary 8. For any k > 2 and any compact domain Q with a smooth boundary (C*+e
boundary), an equivalent norm to |u|g+a.0, 1S

k
[l a0, = lulo + [D"2u]
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Corollary 9. IfQ is a compact domain with a C** boundary. Then there exists a constant
C depending only on n and ) so that

_2
+ Juo.or < CIUl”a [D* 5

O57§2T

10

| Diju

OzQT

)
11) |Diulo.a, < C|u|2+“ [D2 1u]2T°‘
)

14a
[Ditlaor < CIUI““ [D* o

(
(
(12 a,r
(13) o, < Clulgis, (D)2,

Proof. This follows from choosmg the rlght ¢ in Lemma [6] For example, from the second

inequality, we may set € = |ul; 7t [D?'), 7 g get the first part of the first equation. [

. 8
Lemma 10. For any 0 < < a < 1, ifu € C%z(Qr) then [u]ga < 2[u]; o osc(u)' -a.
Proof. We have that

ule, ) —uly.9)| _(uet) —ulp )\
d((x,1), (y,5))° ( d((ac,t),(yjs))a> u(z, ) = uly, )|

Taking a supremum gives the statement. 0

8
< [ul§ osc(u)l’g :

Q[®

Corollary 11. IfQ is a compact domain with a C** boundary. Then there exists a constant
C' depending only on n and § so that for alll € {0,1,2}, 0 < f < a <1,

_ 48 48
|ul < Clulgo2 ™ Jul2Es
+8.07r > 0,Q7 24,07

Proof. This follows by going through the cases and applying a combination of Corollary [J]
and Lemma [10] U

We give a final useful Lemma for computing Holder exponents:
Lemma 12. Suppose that f,g € C%2(Qr) then

[/ - gla < |flolgla + 1glo[f]a
If additionally, ® : R — R is Lipschitz then

[©(/)]a < |PlLip[f]a
More generally, if ® : R — R is C? then

[©(f)lga < CP]5[fla -

The proof is left as an exercise.

1.5. Holder spaces on compact manifolds. Suppose now that M is a smooth compact
manifold. Then there exists a finite atlas of charts, given by open sets V; C M and mappings
wi: M — B1(0) C R” for 1 < i < N. For example, at any point p in M geodesic normal
coordinates at gives such a mapping at the point for balls of sufficiently small radius. These
then form an open cover, and the required set a finite subcover.

We may now define Hélder norms on My = M x [0,T") by

[ulera = D w0 6 kam©@x01) -
=1
’ 10



We may now define parabolic Holder spaces exactly as before (and again, this forms a nice
Banach space). All interpolation theorems hold as above (with slightly different constants
depending on the open cover). Our definition depends on the choice of open cover, but this
will not be important for the applications we have in mind.

1.6. Some exercises on Holder spaces. As there were a large number of unproven results
in this section, I have collected most of these as the exercises below to have a go at/think
about.

Exercise 1. We define parabolic dilation Dy(x,t) = (Ax, A?t), and we may define a blowup
onu:R" xR — R (at 0) by v* := Alu o Dy. What effect does Dy have on the parabolic
distance between points? Check that for v : P, = R, v* : P\-1 — R. If u satisfies the heat
equation, what does u* satisfy? What about another linear equation?

Exercise 2. Suppose that k,l € N, o, € (0,1) are such that | + 5 < k + «, and suppose
that a sequence u; : Q7 — R has |u;|g1o < C. Show that there is a subsequence u;; which

: 148 kta
converges to some u in C'+%5" . Furthermore, show that u € Ck““’k%(QT).

Exercise 3. Suppose that u € Cktastse (QT) where (27 is a set of compact closure. Show
that there exists a unique continuous extension of u to Qp, such that all derivatives are
continuous up to the boundary.

Exercise 4. Prove that Chre:™ 3 *(Qr) is a Banach space.

Exercise 5. Look up the extension theorem for elliptic Holder spaces in Gilbarg and
Trudinger [3, Section 6.9 on p136]. Extend this theorem to parabolic spaces, that is, prove
the following;:

Suppose that u € Chtastse 2 (Qr) where Q7 is a set of compact closure and 92 is smooth
(in fact, it is enough for it to be written locally as a C* graph). Suppose additionally that
Qcc R”“ for some open €. Then there exists a C' = C(,Q’) > 0 such that any
u € C2F*5%(Q7) may be extended to @ : € x (—1,T + 1) where @ = 0 in a neighbourhood
of (Y x (1,7 + 1)) and

0| pta,0 x(-1,7+1) < Clt]pra0r

Exercise 6. Consider the two norms

[ulia = |ulo + [Dula + (u) 150

2
[l 4 = lulo + [Dula

By considering functions f(z,t) = f(t) or otherwise, show that these norms are not equiva-
lent. Is C%2 contained in the function spaces defined by these norms?

Exercise 7. Complete the proof of Lemma [0 Similarly complete the proof of Corollary [9
Prove Corollary [11]in full.

11
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Exercise 8. Prove that forany 0 < 8 < a < 1, ifu € C%% (Qg) then [u .o < 2[u ]aQ osc(u)l—g_

Here osc(u) = sup u — inf .
Exercise 9. Suppose that f,g € C%% () . Show that
[/ - gla < |flolgla + lglolf]a
Exercise 10. Suppose that f € C%%(Q7) and ® : R — R is Lipschitz then

[@()]a < |PlLip[f]a
More generally, if ® : R — R is C” show that

[@(N)]ga < C1P]s[fla -

Exercise 11. Suppose that [f]s < C for all § < . Show that [f], < C.

2. SHORT TIME EXISTENCE AND BOOTSTRAPPING

2.1. Schauder theory. We now prove a short-time existence theorem on the sphere. We
will need the following, which will for now be taken as a fact.

Theorem 13 (Logal Schauder estimates). Suppose that 2, C R™ are open sets of compact
closure such that Q2 C Q. We define
Lu :=u, — a”(x,t)Du — V' (x,t) Dyu — c(z, t)u

k+2+a (

al b c, f € Ck" 5% (Qr) and suppose that ug € C¥T22(0). Suppose that u € CF+2te:
satzsﬁes

)

Lu=f for (x,t) € My
w(z,0) =ug(-) forxe M '

Then there exists a constant C > 0, depending on n the coefficients of L, Q and ' such that
U]k y21 00, < C(|U0|2+2+a,9/ + |f|a,§z£f + |U|0,Q'T) .

For a proof of this, see Ladyzenskaja, Solonikov and Uralt’seva, [0, Chapter 5, Theorem
10.1 pages 351-352]

Theorem 14 (Schauder theory on a manifold). Suppose that on M™ we have the linear
parabolic PDE

Lu :=u; — a" (z,t) D} — b'(x,t) Diu — c(z, t)u
where indices are covariant derivatives wrt to a background metric go. Suppose that a” b c, f €

Cros" 5% (My) and that ug € C*H21(M). Then, there exists a unique solution u € Ck+2+a k+2+a(
to the equation

Mr)

Lu=f for (z,t) € My
u(x,0) =up(-) forze M ’

and furthermore this solution satisfies

’u|0k+2+a;k¢2+27a(MT) < C(|f|0k+a;’ﬁra(MT) + |u0’OCk+a(M) + |U|CO(MT)) .
12



Remark 1. It will sometimes be useful to have the above estimate but without the |u|co(az,))
term. We may do this, but at the expense of allowing the constant C' to depend on 7. By
maximum principle we may see that |u(-,t)| < (C(1 +t)|uglaq + | f|t)eldormrt:

For example, writing

Lo := uy — a”(x, t)D}u — b (2, t) D;u
then extending ug to be constant in time we have that
Lo(u —ug) = f + cu — Loy < |cloar (v — o) + | flo + Cluola
and so
LO[(u — ug)e™ 0zt — (] flo + Clugl2)] <0
and so, applying the maximum principle,

u(-,t) = uo() < (Cluglaq + | f])te! Dot

A similar estimate gives a lower bound. Using this we may alternatively estimate

|U|Ck+2+a;ki%ﬁ(MT) < C(T)(|f|ck+a’i?(MT) + |U|CO(MT)) .
Some proof ideas. Our first aim is to show that for any solution u € C*+2+% k+§+a, the above
estimate holds.

To do this, firstly note that on any of the charts u satisfies a linear equation on each chart
as in Theorem . Next, by choosing domains Q2 = B;_s5 C ' = B;(0) we observe that for §
sufficiently small, every point on M will be the pre image of at least one of the By_s’s. From
Theorem [13|we get Schauder estimates on By_s. On the other hand, on the “overlap” regions
B1(0) \ B1_s(0), we may use interior estimates from other charts along with the coordinate
transformations (which are smooth) to see that on By (0)

‘U © ¢;1|Ck+2+a;k+g+a (Bl T(O) S O<|f‘ck+a;k+Ta(MT) + ’u0|%k+°‘(M) + |u|CO(MT)> -

Summing over all 7 now gives the claimed estimate.

Existence now follows from the method of continuity (Theorem [34). Without loss of
generality (by changing f), we may assume that ug = 0. We define L; to be the operator
of interest, and we take Ly to be the heat equation — this operator is surjective (this can
be proven using either explicit solutions using the spectrum of the Laplacian or using weak
solutions directly). Then the estimate above implies that we may apply the method of
continuity to get

Uniqueness of the solution now follows from the maximum principle. O

2.2. Short time existence using Newton iteration. We want to prove the following:

Theorem 15. We consider the fully nonlinear PDE
P(u) = uy — F(D*u, Du,u, z,t)
Suppose that ug € C*(Q) is A-A admissable for some 0 < X\ < A. Then for any 0 < < a,

there exists T = 7(|uolaya, | F|3, B) > 0 such that there is an unique solution u € C’QJF@#(MT)
to

P(u) =0 on €,
(14) {u(-,O) =up(-) on
13



Remark 2. Note that when proving Theorem [15] we may assume that ug = 0. If it is not,
then (extending ug to be constant in time) we may simply define @ = u —uy and we see that
u satisfies

Where~ﬁ(D2ﬂ, Da, i, z,t) = F(D*a + D*u, Da + Du,u + u,x,t). We may check (exercise)
that F' is parabolic at @ iff F' is parabolic at u. As a result, from now on, we will assume
that our initial data is zero.

We recall “Newton Iteration” — a numerical way of finding the zero of a function. Suppose
that f: R — R is differentiable. Then (supposing that it exists) we aim to find a zero of f
iteratively: Firstly, pick any x;. Given x; , let z;11 be the point at which the linearisation
of f at x; meets the z-axis (in this case, ;11 = z; — f(@:)

ED)
f(0) #0).

and this will clearly only work if

INSERT PICTURE!

Then hopefully under sufficient assumptions this sequence will converge to some x € R
with f(z) = 0 as in the picture. To get rigorous results, we could show that (under suitable
assumptions) in a neighbourhood of f(0), the map x +— = — J{c,(é))
find the assumptions and compare them to what we need below...).

To prove the short time existence for a nonlinear Parabolic PDE, we now use the same idea
to find a solution to P(u) = 0. For us, the z axis is replaced with a subset of C2*:*3% (Q7),
the y-axis would be replaced with C*%(Qy), and f is replaced with P(u). More specifically,

we will consider the mapping ® where ®(u) = v where v is the solution to

is a contraction (exercise -

(15) L= Lyu— P(u) on €,

v(-,0) =0 on )
and aim to show that @ is a contraction. That is, “®(u) = u — L;'(P(u))”, compare this
formula to the Newton iteration formula.

Proof of theorem 15, Our aim is to find a 7 > 0 and a suitable closed subset of Cxos syt (M)
such that on this set, ® is a contraction mapping on that set. Then contraction mapping
theorem (Theorem gives a fixed point. Note that, at fixed point of &, ®(u) = u, so
L,u = L,u— P(u), that is, P(u) = 0 as required.

We start with 7 = 1 and we will make 7 smaller repeatedly through our proof. Our first
simplification allows us to essentially remove the initial data from the problem:

Step 1: Simplifying initial data by defining vy,. We first restrict time so that for
t € [0, 7], Lo is uniformly parabolicﬂ. We consider a solution to the equation

(16) {Lovo = F(0,0,0,z,t) on £, ‘

vo(+,0) =0 on

Linclude def
14



Note that there exists a solution to vy € C2+%*5* by Theorem ??. Furthermore,
|vo+| < C and so |vg| < C7. Therefore by interpolation, for any 0 < 8 < a we know that by

.. a=p . . . 248
restricting 7, |vg|ays < CT2F« and so vy may be made arbitrarily small in C?%75" .

Step 2: Define the domain of . We define the closed, bounded, convex set
Dftwo .= {u € CQ’LB;#(MT) Cu—volaspa, < R, u(-,0) = O} .

As T'y 5 is open, and L, is strictly parabolic, there exists an Ry > 0 such that for any
u € DR [, is parabolic. Our claim is that there is an 0 < R < Ry and a 7 > 0 such that
@ : DI — DB ig well defined and is a contraction. There are two parts to this - showing
that this is well defined (i.e. Im(®) C D) and showing that this is indeed a contraction.
In particular, note that by restricting R and 7, we may estimate that for any u € DI,
|u|o+p may be made arbitrarily small (due to our estimates on vp). For brevity below, we
will only show estimates for the highest order terms (which are the most important ones)

and leave completion of this proof as an exercise. However, we prove enough to give the
theorem for F' = F(D%u).

Step 3: For R and 7 sufficiently small, ¢ is a contraction. The idea here is pretty much
the same as the previous step. Suppose that ui,us € DI with v = ®(uy), ve = P(uy).
Then

(17) {Lul(vl —v9)=f on )

(v —v2)(-,0) =0 on
where
[ = Lyur — P(uy) — Ly, vy
= Lulul — P('LL1> — LU2U2 -+ Lu2’02 — LU1U2
- Lulul — LU2U2 + P(Ug) — P(U,l) + Lu27J2 — Lul’UQ .

As above, our plan will be to show that, for any ¢ > 0 we may find 7 > 0 and R > 0 small
enough so that | f|, < €|u; —uala1o. Then using Schauder estimates and taking € to be small
enough will show that |®(u1) — ®(us)|ora < 2|ur — Ug|2ta.

Writing us = sus + (1 — s)uy and a(s) = F(us) then using Taylor’s theorem of the form
a(1) = a(0) +a'(0) + [ (1 — s)a”(s)ds,

P(ug) — P(uy) = Ly, (ug — uy) + /0 (1 —s)a"ds

1
f = (Luy,ug — Lyyug) — (Ly,va — Ly,va) + / (1—s)a"ds .
0

For brevity we now restrict to F' = F(D?u): Writing us = suj; + (1 — s)uy and then using
b(s) = L, us as above we have

1 1
Ly, uy — Ly,us = / V(s)ds = / FIk dsDijug Dy (uy — ug) + plenty of other terms.
0 0
15



We have that |f01 FiR), ds|s < C|D3*F|(|D?uy|s + |D?*us|g) (exercise), using the following
multiplicative identity for Holder seminorms, (exercise)

lefls < lelo[f]s + | flolels

we have that
| Luyus — Luytis|g < O(|D?uslolur — uslorp + |D?uz|glur — usl2) < C|D%uslglur — uslays -
In an identical manner we have that
| Ly, vo — Luyvols < C|D*vo|glur — ualays -

Finally, we have that

1 1
/0 (1—s)a"ds = /0 (1— s)F”’kl|uSdsDi2j(u2 — 1) D3y (ug — uy)

so by a similar estimate on the integral term

1
/ (1 —s)a"ds
0

Estimating as in Step 1, we see that uy, us € Df’”o,

< Clug — ugla|ug — uglatp -

07

a=p
[fls < C(777 + R)|ur — uzlz46
as required.

Step 4: Given any R < R, there exists a 7 such that ® maps as claimed, that is
® : DRw —s DRuw_ Tn the definition of ®, we aim to control w = v — vy in C2#*5" . We see
that rewriting , w satisfies
(18) L,(v—1v)=f on€Q, 7
w(-,0)=0 on {2

where f := L,u— P(u) — Lyvy.

We claim that there is a p = p(f) > 0 so that we may bound by |f|s < C(R,vo)7? where
the constant is allowed to depend on R. By making 7 smaller, we may make |f|, arbitrarily
small. Therefore, equation and Schauder estimates (Theorem ?7) now imply that we
can make |v — vp|e4p arbitrarily small, and in particular, less than R, and so we are done
modulo showing this claim which we now sketch a proof of.

We compute

f = Lyu— P(u) — Lyvg
= —P(u) — Lovg + Lyu + (Lovg — Lyvo)
= P(0) — P(u) + Lyu + (Lovg — Lyvo)
=Fl|,— Flo— Fij|uDi2ju — FP|,Dju — F,|,u+ Lovg — Lyvg

where we are using the notation F|, = F(D?u, Du,u,x,t), F“|, = F(D?u, Du,u,x,t),
and so on.
16



Writing us = su we define ¢(s) = P|,,, again using Taylor’s theorem we see that P|, =
Plo+ Lou + fol(l — 5)’(s)ds. Therefore this time,

1
fo o / (1= 8)c"ds + (Lo — Low) + (Lovy — Luvy) -
0

For brevity we now restrict to F = F(D?u): Similarly to the integral term in the previous
section, we may estimate the integral term by

1
‘—/ (1—s)"ds
0

8
where we used that |u(-,t)| < |ulayst so by interpolation, |uly < 72F7. Similarly, using an
identical estimate to the previous step we get that

< Clula|ulars < O(R)T$

B

Lyt — Louls < Cluls|ulsss < C(R)777
B
| Luvo — Lovo|g < C([vol2|ula1p + [ul2]vol245) < C(R)T27

and so we have the claim.

U

2.3. Short time existence using the inverse function theorem. Danger: This section
of the notes is uncorrected and is essentially in Gerhardt’s book - have a look at this there!
This method of proof is quite nicely written out in Gerhardt’s book [2l Theorem 2.5.7 on
page 106]. However, I also comment that a lot of the work is hidden in the statement “® is
continuously Fréchet differentiable” (see [8, Lemma 1.8, p9-12] for some details on this).
Recall that a mapping between Banach spaces ® : V' — W is Frechet differentiable if there
exists a linear mapping D® : V' — W such that

|@(z + h) = @(h) = DO(h)[lw < o(|[h]lv)

where ||h]| " o(]|R]]) — 0 as ||h]| = 0. On an open set U C V this is said to be continuously

differentiable if at every point u € U D®|, exists and is continuous as a mapping D® : U —
L(V,W). We have the following

Theorem 16 (Banach space Inverse Function Theorem). Suppose that V' and W are Banach
spaces and that for some open Uy C V, ® : U — W 1is continuously differentiable mapping.
Furthermore suppose that at w € U, D®|, : V — W is a bounded linear isomorphism.
Then there exists a neighbourhood of ®(u), Uy C W and a continuously differentiable map
U Uy — V such that ®(V(f)) = f for all f € Uw. Moreover V(y) is unique for sufficiently
small if we restrict to a sufficiently small neighbourhood Uy, .

Theorem 17 (Short time existence via IFT). Suppose that F(z,t,z,p,r) is smooth (in C?
in all of its entries is enough) and, for some A,e > 0 let T C C*(2) be an open set such that
for allu € T and (x,t) € Q.

_ oF
A 1|€|2 S 87” (x,t,u,Du,D2u)€i§j S /\|§|2 .

17



Let ug € TN C?*T(Q). Then for any 0 < B < « there exists a T = 7(8,ug, €) > 0 such that
the PDE

) u(,0) = ()

has a unique solution u € C“B?#(QT).

{ut = F(x,t,u, Du, D*u) ,

Proof. This proof is in several steps. To begin, we need to start by extending our initial data
in a sensible way to simplify computations later.

Step 1: We define @ to be the solution of the equation

ay — At = F(x,t,ug, Dugy, D*ug) — Aug
€L<70) = UO()
where A is the standard Laplacian. By Theorem such a solution exists with a €

24«

C?57(Qr). As T is open, this means that there is a 75 > 0 so that a(-,t) € T for
all 0 S t S T0-
Step 2: We define f € C*2(Q,,) by

f =1, — F(x,t,a, Da, D*a) .

In particular, by our choice of @, we have that f (+,0) =0.
245
2

Step 3: We consider the nonlinear operator ® : C?>T5%=" — C%5 x C**F which is given by
®(u) = (uy — F(x,t,u, Du, D*u),u(0))

and is defined on a neighbourhood of & € V C C’Q+6§#(QTO) and has image in W =

CP3(Q,,) x C*A(Q). Tt turns out that, as F is in C* in its entries, ® is continuously
(Frechet) differentiable (longish exercise) and its derivative D® evaluated at @ is the operator
is the operator L where

Lv = (Lpgzv,v(0))
and P is the linearisation of the PDE at u as in . In particular m o £ is a parabolic linear

operator with coefficients in Cﬁ?g(ﬂm) and so by Theorem [14] this is a linear isomorphism
from V to W.
Applying the Banach space Inverse Function Theorem, ® restricted to B,(a) C V is a C*

diffeomorphism onto an open neighbourhood of ( 1, u) €U CW.
Step 4: Let € > 0 be small and choose x. € C*([0,1]) so that 0 < y, < land 0 < y(e < 2!

and
() = 0 0<t<e
X =1 2e<t <

and define f. := fx.(t). In Lemma (18 below, we will see that there is a constant C' such
that |fE|Ca;%(Q y < C. Then, we have that |fe = fleog.,) — 0 (by continuity of f and the
~ TO

fact that f = 0 at ¢t = 0) and so by either Ehrling’s lemma, interpolation or Arzela—Ascoli,
for any 0 < 8 < a,
lim | f — flcﬁ;g(%) -0.
18



As a result, for € small enough (f.,up) € U, and so there exists a unique solution u € B, ()
to ®(u) = (fe, uo). In particular, this implies that has a solution for 0 <t <.
Step 5: Global uniqueness - this follows from the maximum principle.

O

Lemma 18. Suppose that f € C%%(Qr) and f(-,0) = 0. Then for f. as defined in Step 4 of

the proof of Theoreml we have that there exists a constant C' such that |fe| a:g % (qp) < C.

Proof. As x. is constant in space, we only need consider the semi-norm with respect to ¢.
Suppose that |f|Ca;%(QT) = Cy.

We temporarily pick a point z € {2 and abuse notation by writing f(t) = f(z,t) Suppose
wlog that 0 < t; <ty < 7r and note that

[fe(t) = felt2)] < [F(8) = F(t2)lIxe ()] + () Ixe(tr) = xe(t2)] -

The first term is bounded by a multiple of |t, — #|2 by our assumption on f. We now
estimate the second term by considering several cases:
Suppose first that t; < 2e and t, < 3e. In this case

FEDIXe(t) = Xe(t2)] < 20587 € Mty — to] < 2C5(26) 37ty — ta] < Oty — b
where we used that in this case |t; — to] < 3e.
Now suppose that t; < 2¢ and t5 > 3¢ so that € <ty — t1. In this case
[F(t0)][xe(t) = xe(t2)| < Cptf < Cy2%€ < Clty — 1> .

Finally if £; > 2e the second term is zero and so we are done. 0

2.4. Bootstrapping. We now show that if F' has greater regularity then we may conclude
that so does our PDE solution. A good reference for this is [2, Theorem 2.5.10, p111]

Theorem 19. Suppose that for some l € N, F(r,p, z,x,t) is smooth (bounded in C?*t+* in
z,p,r and m C'2+l+""2+l+a (Qr) in (z,t)) and that uy € C*TF(Q). Then given a solution
u € CHB5" (QT of (19) which is uniformly parabolic with u(-,t) € I'y for all t € [0,T),

then in fact this solutzon satisfies u € C*HH5: - (Qr) with uniform estimates on u, that is
for all m < there ezists a Cy, = Cp(|ul|24 5, |u0|8+m+a, F,a, ) such that

[U|24mep < Cm
Furthermore, if | > 2 then the above holds with = «.

Proof. By interpolation, it is enough to bound [Dkgu] 3. We go about this in two steps.

Step 1: Space derivatives. We prove the required bounds on a small ball B,(0) C Bs,(0)
contained in a single coordinate chart of S".
Using the standard basis ey, ..., e,, for e € {e;,...,e,} define

f(z+ he) — f(x)
7 .
We consider v = Aju with initial data vg = Apug. Writing

ur(x,t) = Tu(z + he, t) + (1 — 7)u(z, t)
19
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we see that v satisfies
vy = h™ Y (F(D*u(x + he), Du(x + he) . ..) — F(D*u(x), Du(z), ...))

1
d

= hl/ d—(F(D2uT,DuT,uT,x—i—The,t)dT
o dr

= a¥(h) D0 + b (h) Dyo + ¢(h)v + f(h)
where

1 1
a’(h) = / F|, dr, bi(h) = / Fyily, dr
01 10
c(h) = / F.|,.dr, f(h) = / F.|, dT .

0 0

As, 'y A is convex and u is strictly away from the boundary of I 2 gns Us is admissable and

so the above PDE is parabolic. Furthermore, all coefficients are in C’ﬁ?g(QT) with norms
independent of h.
Now let x € C2°(B5,(0)) be a cutoff function which is 1 on B,(0). We set w = xv and we

see that w satisfies 3

wy — ¥ Dijw — b’ Dyw — éw = f

w(-,0) = vgx
where again, this is uniformly parabolic with coefficients in CBi3, Applying Theorem
we have that |w|02 o < (' where the constant is independent of h. Taking a limit
as h — 0, this in particular implies that D,u exists everywhere, is continuous and in fact

|Deulaypp,, < C. We repeat this for all e to get Du € CQ+5;#((BP)T). We are now able
to differentiate the equation to get

{Dkut = F;(Dyu)j + F,i(Dyu); + F.Dju + F,

(20) Dyu(-,0) = Dyug(+)

From this, we immediately see that |Dyu|sp;, < C. Furthermore , we may now repeat
the above difference equation process, by induction we have that for any multi-index v with
<1

(21) |Dyula+s,r <C,  |DiDyulgp,, <C .
By repeating the above on balls covering M we get the same estimate but on M.

Step 2: Time derivatives for [ = 2. Suppose that [ = 2 (if [ = 1 we are already done).
We already know that D?u; € C’B;g(QT) and wu(+,0) € C***(B,(0)) and w (-, t) € C?**F(Q).
We may repeat the difference quotient method (in the time direction) and use a cutoff in
time as well as space. This yields that for any 0, u € C4+5;#(Bp x [0, T — §]) where the
estimate on the norm depends on § and explodes as 6 — 0 . However, this does mean that
we may now differentiate in time to see that v := w, satisfies the PDE
v = FijD?jU + FDv+ F.uo+ Fp .
and, from our space estimates, we have that the coefficients of this equation are uniformly
in C’2+ﬂ;#(3p x [0,7]) (with estimates which are independent of §) and v(-,d) is uni-
formly bounded in C?*#(€) independently of § by . Applying Theorem |14 we have that
20



v 248 < C for all § with the constant independent of . Sending & — 0 we get
C*RTE (B, x[5,T))

estimates on B, 7. Therefore u € C4+’83#(Bpj).

Step 3: Bumping up S to a for [ = 2. Regularity can now be improved - we have
higher order estimates on u, therefore the coefficients in equation are in C*%%. We may
therefore repeat the above estimates, but with 8 replaced with «.

Step 4: [ > 2. This case now follows by induction - we repeat Step 2 Léj times, completing
the proof. 0

3. FINDING THE MISSING « USING KRYLOV—-SAFONOV

We now suppose that we are in the situation in which we have somehow proved that, for
as long as our solution exists, it is uniformly parabolic and has |u|y, < C for some fixed C' .
Usually, this takes some work and several applications of the maximum principle, and it is
not always possible! However, while our bootstrapping estimates require |u|z, < C to get
uniform smooth estimates i.e. for all [ there exists a C; such that

[ulira < Ci .

Indeed, at the end of our existence time interval there is currently nothing stopping | D3u(-, t)|3 —
0o as t — T. We now get uniform C*t**5* estimates from C?! estimates which gets around
this putative issue.

Specifically, we demonstrate that under reasonable conditions on F', |u|c21(ay < C for
some fixed C. However, while our bootstrapping estimates imply that |u|C2 o5 <C
and so our flow is uniformly smooth. This in turn means that we may continue the flow and
leads to long time existence.

These proofs are simple modifications of the elliptic estimates found in Gilbarg and
Trudinger [3, Section 17.4]. There is an also a slightly different approach in Lieberman
[5, Chapter XIV, section 2] but the fundamental ideas are the same.

As we only need local estimates, throughout this section we will assume that
we are working on Balls on the interior a domain 2 x [0, 7

3.1. Ingredients. Throughout we will write X = (z,t) and Y = (y,s). We define the
following parabolic rectangles:

n

[[@ - 2"+ R)

=1

K(X,R) = x (t—R*t) CQx[0,T]

n

[[" - R.2" + R)

i=1

0(X,R) = K((z,t —4R*),R) = x (t —B5R* t — 4R?).

We will typically ignore the centerpoint from now on, assuming this to be 0 and writing
K(R),0(R). The vital piece of machinery needed for our estimates is the following:

Theorem 20 (The Weak Harnack Inequality). Let 0 < u € C*Y(K(5R)) such that u fulfils
the inequality
Lu=—-u+ aijuij + blul < f
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on K(5R), then there exist p(n, X\, A),C(n, X\, A, R||b]| 1=k (5r))) > 0 such that

1
p n
(R—<"+2) / up) <C ( inf u + R f ||Ln+1(K<5R)))
8(R) K(R)

where 0 < \6% < a' < AdY as matrices.

The proof (originally by Krylov—Safonov) may be found (in German) in O. Schniirer’s
lecture notes [9, Theorem 3.21, page 43|, see also [B, Theorem 7.37, p187| in Lieberman’s
book. The notes by S. Picard [7] also look like a good reference. Since we will have to use
it repeatedly, we will use the notation

o= (e [ )

It is important to note that p is not guaranteed to be greater than 1, so the above is not
an estimate on a norm. However, in most applications we can get around this using the
following replacement for the triangle inequality.

Lemma 21. If we have measurable functions f; > 0, p > 0, then

(/

Proof. If p > 1 we are done. Otherwise:

N

Zf;] )1<G >Z(/ﬁ’)’l’

=1

1

[y
<| [ (1+¥)+
+ /{ e T (1 " %)p}
gNUff+...+/ffvr
§N1+imax{(/ff);,...,(/f}f,);}
gN”ii(/ffY

Corollary 22. Forallp >0, f; >0

[Z fi

The final requirement will be the following standard lemma:
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Lemma 23 (Iteration Lemma). Suppose o is a non-decreasing function on (0, Ry], and
0<v,7<1, C >0 satisfying

o(TR) < 1% (R) + R*C}
for R < Ry, then

R «
o) < Clavr) () lotRa)+ €
0
Proof. Exercise! Alternatively see Gilbarg and Trudinger [3, Lemma 8.23, p201] or Lieber-
man [5, Lemma 4.6 on p53]. O

We now see how the Weak Harnack inequality may be used to prove Holder estimates
when we have only low regularity on the coefficients of the parabolic equation.

Theorem 24 (Holder Estimate for Linear Parabolic PDEs). Let u be a solution of
Lu = —u+ au;; + bu; = f —du
on K(5R). Then for 0 <r <R,

r (0% n
< 7A,A, b oo (_> _d " Rﬁ
oscu < c(n Iollz=) { & (g§g)U+ If = dul[ s (e (5 m)) R )

where o = a(n, A, A, [|b|| Lok 5m))), 0 < a < 1.
Proof. Take r < R. We define

M, :==supu , m, = inf u .
K(r) K(r)

Then we have that
L(Ms,—y —u) =—f +du, Lu—m,)=f—du

where Ms,_, —u > 0 and u — mj5, > 0 and so we may apply the Weak Harnack inequality,
Theorem [20[ to get that there exists a p > 0 so that

(I)p(Mg)r — u) S C(}l{r(lf)(Mgw — U) + ’r'nL-HHf - duHL’“'l(K(&‘))
S C(M5T — MT + T”L“Hf — duHL"+1(K(5r)>

@p(u = ms;) < C(inf (u—ms,) + Pt || f = dull g (x5

< C(my — mse + 7757 || f = dul| o (1 5r)

so putting these together we have
Ms, —ms, < O,(Ms, —u~+u —ms,)
< OC(P)(@p(Msy — u) + Pp(u —ms,))
< C(Ms, —ms, — (M, —my,) + 2ros1 || f — dul| o1 (g (5r))

So writing o(r) = o?c) u = M, —m, (which is a nonincreasing function) then
K(r

o(br) < C(o(br) —o(r) + 27“ni+1||f — dul|prr (x50
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or, rearranging,

C -1 n
o(r) < G o(5r) + 2ra+ || f — dul| prsr (g (50 -
We may now apply the iteration lemma (Lemma to get the theorem with « the solution
to (3)7 = %L 0

Corollary 25 (Holder estimates for u;). Suppose that for some Ry < 1, u € C*?(K(5Ry))
1s a solution of the nonlinear parabolic PDE where F is C1 and uniformly parabolic at
u. Then there exists 0 < a < 1 and Cy > 0 depending only on n, A\, A, |F.|cow), |Fplcom,
|Filcory and |u|ce2(ksry)) such that for R < Ry,

R\° o
osc u; < C} (—) ( 0SsC Uy + RS“)
K(R) Ry K(Ro)

Proof. We differentiate the above equation in time, and see that v = u; satisfies
Ve = FU’UU -+ ij’Uj + FZ'U + Ft .

Apply the previous theorem, Theorem , we see that there exists an a(n, A\, A, |F,|cor)) €
(0,1) such that

R\ o
<c(n,\ A, |E - F, — Fovl|n Rl
2§§)v_6(n, AL [Fpleor)) (Ro) ([g(slgo)wrll t = Fv|lpnvr (e sm)) R )

R\“ n
< Ry C Fz F i RnJrl
S C <RO) ([?(SRCO)U + (n7 ’ |CO(F)7 | t‘CO(I‘), ‘U|C2 1(K(5R0))> 0 )

which gives the Lemma. 0]

We end this section, with the following useful Lemma which will be used to deal with
Holder derivatives of D?u.

Lemma 26 (Matrix Lemma). Let S|\, A] be the set of positive symmetric matrices in R™*"
with eigenvalues lying in (A, A]. Then there ezists a finite set of vectors v1,...,vn € R and
0 < \* < A* all depending only on n, X and A such that any matriz A = [a¥] € S|\, A] may
be written in the form

N N
A= Z Bk @ i, which implies a = Z Brriyd
k=1 k=1
where \* < By, < A* for k=1,...,N. Furthermore we may choose 7, ...vn to inculde the
coordinate direction eq, ..., e, and vectors of the form
1

—(e; £e;), wherei < j,1<4,7<n .

\/5( 7) J J
Proof. Writing n = in(n + 1), we first observe that S[A, A] is compact in R™: We may
immediately see that the matrix norm S%S;; < nA?, so this is a bounded subset of R™. The

function A : R" — R"™ which gives the (ordered) eigenvalues is well-known to be continuous.

Therefore S|\, A) = A71([\, A]") is closed, and so is compact.
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For unit vectors v, € R", 1 <1 < n, we now write the open set

U, yvm) = {Zﬁkvk®’yklﬁk>0for 1 Skgﬁ}

i=1

where we assume v; ® V1, ...,7: ® 7n are linearly independant. By diagonalising any A €
S[A, A], we see that there are unit vectors ~; such that A € U(v4,...,75). Therefore all such
open sets form an open cover of S[A, A], which has a finite subcover due to compactness.
Therefore there exists a finite number of unit vectors 7, ...vy depending only on n, A, A
such that

N
(22) A= Z B @ e
i=1

where [ > 0. Clearly we may add any particular set of unit vectors to the 7; and the above
will still hold.

We now demonstrate that . € [\*, A*]: Suppose we now take the finite set of vectors such
that matrices in S [%, A] may be written as above. Then for any A € S[A, A],

N
A
A=A-X) u®y €S A

i=1
where we have chosen \* = % Writing A" as a sum with coefficients ), > 0, we see the
coefficients of A, B, > A*. By considering eigenvalues we see fp < A = A*. O

3.2. Assumptions on F. We will require that F' is convex, twice differentiable and uni-
formly parabolic. More explicitly:

Assumption 2. From now on we will assume that:

(1) F is twice differentiable: F' € C*(T"), where I" a convex open subset of Q x [0, T] x
R x R™ x R™"™. We will assume that the solution stays in the subset I'.

(2) F is uniformly parabolic at u: We require that F' is uniformly parabolic at u, in
the sense that & € R” there are 0 < A < A such that

0 < AEP < Fg& < A€ .

(3) F is concave in D?u: We assume that F is a concave function of r;; on the (convex
hull of the) range of D2u. Writing F = 2L piikl — _°F_ they this in particular

T Ory T Ori0rg
implies

a) F9R X, X, <0 for all X;; € R and
Ay j
(b) F9l o s(2) — i) = F(D?ul2) — F(D*ul))
24«

For u € T'y 5, we will prove that from uniform C*! estimates we may obtain uniform C?%
estimates for the equation

Pu=20
%) {UﬂJ)ZUMJ
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3.3. Interior second derivative Holder estimates for simple F'. In the interest of

clarity, we begin by showing our Holder estimates for the following simpler version of equation
([23). We begin by assuming we have a solution u € C*?(K(25R,)) (for some Ry < 1) to

(24) F(D*u) — u = g(X)
where we assume that F' is twice differentiable, uniformly parabolic at u and convex as in
Assumption 2

From now on, unless otherwise specified, we will take C' to be any finite constant depending
only on n, A, A, F', DF, Ry, |g|c21(k25R0)) and |[u|c21(k(25Ry)), Which may change between
lines of the same equation.

As with the previous section we begin by differentiating in (fixed) direction 7. Dif-
ferentiating once,

F"ij-u — Uyt = Gy
and then again
Fij’le“/ijUkalu + FijDijwu = Utyy = Gyy -
We now choose v, € R", 1 < k < N, as in the Matrix Lemma (Lemma where A and A
are the parabolicity constants in Assumption . Writing

k._
w = u,yk,yk

then from the above equation and convexity (condition [3a] above) we estimate
i,k k
(25) FYw5 —wy > gy

We may now apply the Weak Harnack Inequality (Theorem . Similarly to in Corollary
25 we define

MF = sup w”, m* = inf w",
K(sR) K(sR)
N N
R) = F=N "Mk _—mk R) = .
o(sR) Z_: gyt = 2 M= ou(sR) = osc w

Assuming u is defined on K (5R) then we define v = M5 —w > 0 and apply the weak Holder
inequality to v which implies there exists p(n, A\, A) > 0 and Cy(n, A\, A, [u|c21(ki5R)) > 0
such that
(26) @y(ME — ) < Cy (M5 = M+ BT D2l o))

We now aim to get a similar estimate on ®,(w" —m¥) so that we may make the left hand
side into an 1?(85(132 )w and then apply the standard iteration lemma (Lemma . However, as

our equation for w*, is only an inequality, we will need to use the matrix lemma and
concavity to get this.
By the concavity assumption, specifically [3b| above,

ur(X) = (V) = F| prgy) (uig (X) — uy(Y))
< u(X) —u(Y) 4+ F(D*u(Y)) — F(D*u(X))

=g(Y)—g(X) .
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So by the matrix lemma,

N
(27) w(X) = u(Y) + Y Blwh(Y) = w*(X)] < g(Y) - g(X)
k=1
where 0 < \* < 3, < A*.
From we have
Biw'(Y) — w'(X)) < g(V) = 9(X) — u(X) + w (Y Zﬁk — w(X)]
k#l
and so, maximising the lefthand side over X € K(5R),
1 N
w'(Y) —mk < = 5R(|Dglcoxsry + BRIgicowsry) +0u(BR) + A* Y “[ME —wh(Y)]
k#l
We calculate from ([26)
(1)13(]\45}.C —w®) < C(N,p) Z (I)p(*Méc — w")
k#l
<C (Z(Mé“ — Mf) + Rnil|D2g|L°"(K(5R))
k#l

<C <0(5R) —o(R) + Rt |D29|CO(K(5R))
and therefore (assuming R < 1)
&, (w —ml) < C ( (5R) — o(R) + R |glcon ke smy) + at(SR))

We now obtain the estimate,

gse w' < O(p) (2w’ —mg) + @,(M; — )

< C (0(5R) = o(R) + R |gleaaesmy + 0u(5R) )
Summing over [, we obtain
o(5R) < C (0(53) — 0(R) + R |glcon ke omy + at(5R)>
or

o(R) < 65(5R) + C (Rn+1 lglezs sy + at(5R)>

where § = CT = (%) . To deal with the o; term, from Corollary for Ry < 1 and
u € CY?(K(25Ry)), then applying Lemma ?7, we see that for R < 5Ry, there is an o > 0

such that
R\“
< n+1
o(bR) < C <_Ro) (K(zgl(%o)ut + R} >
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Applying the Iteration Lemma (Lemma we have that for all R < Ry,

R\*® _—
o <O () Lyt + gt 56

where 1 < k < N and & = min{a, &}. Since in the Matrix lemma, the 74 contain e; and
\% (e; £ e;), we obtain estimates for all elemants of D?*u. Summarising the above:

Theorem 27. Suppose that u € C*?(K(25Ry)) for some Ry < 1 is a solution of (77), then
there exists constants o, C > 0 depending on n, A\, A, Ry, |g|lc21(k@25Ry) and |t|c21(k(25R,))
such that for all R < Ry,

R [0
0sc Digju <C (—) [ osc D? Su+ oS¢ up + R”“]
K(R) 0 K(Ro) K(5R0)

Remark 3. Versions of the above may be shown under much weaker differentiability assump-
tions on F', see for example Liebermann, Lemma 14.6 on p366.

Remark 4. Alternatively see the smoothing argument used in Gilbarg and Trudinger in [3,
Theorem 17.18].

3.4. Interior second derivative Holder estimates for general F'. We prove the follow-
ing.

Theorem 28. Suppose that u € C**(K(25Ry)) for some Ry < 1 is a solution of (?77)
satisfying conditions[1], [, [J above then there exists constants a, C' > 0 depending only on n,
A, A, the C°(T") norms of first and second derwatives of F' (except F..), Ry, and |u|c21(k(25R0)
such that for all R < Ry,

R «
osc D*u < C (—> [ osc D*u+ osc u; + R"*l}
K(R) Ry K(Ro) K(5Ro)

In particular this implies

A

< C(n,\, A, F, DF, Ry, [u|c21 (k(25R,))

HUHCHQ,?{&(K(R»

Proof. As above, we agree write C' for any finite constant depending on n, A, A, the C°(T)
norms of first and second derivatives of F' except F,, and |u|c21(k25r,). We begin by
calculating the first and second derivatives of

F(X,u, Du,D*u) —u; =0 .
First derivatives give

(28) F"jum + Foetgy + Fouy, + Vi — Uy =0
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and the second derivatives
0= FijuijW + Fij’klumukh + QF;ZU;WUM + 2FZ"j1/MYUJZ-j7 + 2’ku” Uy
+ Fpp Uy + Fpopi Uy Uiy + 2Fp’“zuk7u7 + Q’Yle’“rluk'y
+ Fouyy + Foouyuy + 2’}/szku7 + VA F g — Upryry
= Fiuijy, + F* iy, g, + |26y + 2P, + 29" Fi + B! | g,
+ Florpt Upy Uiy + 2F kU Uy + 2'yl}7’pkmzuk7
+ Fouyy + Foouyuy + QVszzku,y + VA F g — Upyry -
Using concavity, we obtain
F gy = Uy > =AM, = B,
where
AT =2F g, + 2F 7wy + 290" FJ + Fy?
By =Fpep Uiy Uiy + 2Fpe, Uiyt + QVZFpkxl“k’v + Fottyy + Frouqu,y
+ 29" F ety + 7 Fyp

The only important difference from the special case above is the addition of the u;;, term,
and we show that this may be estimated using a small quadratic term in our choice of w*

We choose 7, as in the Matrix Lemma and set M = sup|D?u| and h* = (1 + Dfﬂ’j[ ),
Q

so that 0 < h* < 1. From the above we see that there exist Ay, By > 0 depending on
[u|c21(axo,r) and (the allowed) first and second derivatives of F' such that

C(n)
1+ M
We now set v = chv L(hF)? and calculate

FIRE — by > — (Ao|D?u| + By)

N
Fiyg, — v =2 Z FUhERY 42 Z(hkFijhfj — hFREY
k=1

M (A(]’DBU’ + Bo)

Due to uniform ellipticity and the ch01ce of the ~,

N
i A

We now use the v term by setting w* = h* + ev and observe we obtain the differential
inequality

) e C(n, N)
D k k 3,12 ) 3
Fowiy —wy 2 4n3(1+M)2‘ "= 1+ M (Ao] D] + Bo)
B, A2
> —_— —_— =, —
(29) > _C(n, N) { o Ae] Co(e)
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Similarly to the simpler cases above, we set

Wk = sup w®, MF= sup h*, m¥ = inf h*, o,(sR) = osc u,
K(sR) K(sR) K(sR) K(sR)

and
N

ZI?(S% h* = Z(Mf —mk) .

k=1
We are now ready to apply the Weak Harnack Inequality to v = W¥ — w” to give
®, [WE—wt] < C <W§ — Wk Rn%co(e))
We additionally observe that
WE—wh > MF - k—eosf)%)th
> M} — hy — 2¢0(5R)
where the last inequality follows by estimating

osc (R")2 = sup |hF(z)+ A" (y)||h"(x) — B*(y)| < 2 0sc hF .

K(5R) z,yeK(5R) K(5R)
We now see

(30) , [ME— ] < C (Wf —WF 4 eo(5R) + R#CO(Q)

Later, we will also need the following estimate

o, [Z(Mé{: — ha)

< C’Z(I)p [Mflyc_hk’}

k£l k£l
<C (Z(W§ — W¥) + e (5R) + Rn’ilco(e)>
k£l
(31) <C ((1 +3¢)0(5R) — o(R) + Rn%co(e))

where the last line follows by using that for some z € K(R) where h*(z) = MF that

W —WF<MF+esupv— MF—ev(z) < MEF— MF +¢€osc v .
K(5R) K(5R)

As previously we now use concavity to obtain more information. We have that
P Dulh ), D) () = (X)) = () + ()
< F(Y,u(Y), Du(Y), D2u(Y)) = F(Y,u(Y), Du(Y), D*u(X)) — u(Y) + w(X)
= F(X,u(X), Du(X), D*u(X)) — F(Y,u(Y), Du(Y), D*u(X))
< Dy|X —Y|
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where

Dy = sup {|F:(X,u(X)Du(X), D*u(Y))| + |Fy(X,u(X)Du(X), D*u(Y))|

X,YeK(5R)
+ ] FL(X, u(X) Du(X), D*u(Y))|| Du(X))|
+ | F (X, u(X) Du(X), D*u(Y))|| D*u(X)|}
We observe that Dy is bounded by the usual quantities Using the Matrix Lemma,

Zﬁk(yxhk( Zﬁk ’ka ( ) D'Yk’YkU’(X))

(32) < CD0|X =Y+ u(Y) —w(X) ,

and so minimising the second term on the left hand side we see that for any chosen [,
N

5DoR + A" (ME — h*) + 0,(5R)
Kk

l l

Estimating the summation as in equation , we obtain that
@, [~ mk] < C ((1+30)9(5R) — o(R) + 0u(5R) + 5D R + RiF1Co(c))
Now adding this to our earlier estimate we see that
M} —mh < € ((1+3)0(5R) — o(R) + 01 (5R) + 5DoR + R¥1Cy(0))
and summing over [,
o(5R) < C ((1 +36)0(5R) — 0(R) + 0:(5R) + 5D R + R#lco(e))

Rearranging,
o(R) < (5(6)0(5R) + 01+ 5Dy R + R+ Cye)

G439~ 1f we now set € =

where § = o 60 , then 0 < 1, and so using the estimates on u; we
have that there exists C3,« > 0 (with the usual dependencies) such that

o(R) < 6(€)o(5R) + C3R™ + 5D R + R7+1 Cy(€)

and we are able to apply the induction lemma to give the Theorem. 0

3.5. Estimates near ¢t = 0. In the previous section we saw that we could get C?T% ™2 =5

estimates on the interior of the parabolic domain My — therefore by our bootstrapping
procedure, we get uniform smooth estimates. However, these decay as ¢t — 0, and so we have
no control over the solution in a neighbourhood of ¢t = 0. We now fix this issue by assuming
higher regularity of the initial data.

A nice reference for the material from this section is [I, Appendix A, page]

Lemma 29. Suppose that F' is twice differentiable, uniformly parabolic and convex, as in
Assumption [d Suppose that ug € C*(M) and u € C**(My) is smooth (but with unknown
bounds). There exist constants C > 0, 7 € (0,3] depending only on |u|oay, |uolaar and F
and its derivatives such that for all x € M and t € [0,7],

|Di2ju(:v,t) - ijuo(x)| < CV/t, luy — F(D*ug, Dug, ug, z,0)| < Ct .
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Proof. By replacing u(z,t) with u(z,t) — ug(z) — F(D?ug, Dug, u x,0)t we still obtain an
equation of the form u; = F(D?u, Du,u,x,t), but our new F is only C? (this is where the
higher regularity assumption on the initial data comes in). In this proof, I am going to
suppose that there is a metric g on M (which doesn’t change with time) and write D for the
covariant derivatives with respect to g. This makes essentially no difference to the claimed
equations. This means that wlog we may assume that u(-,0) = 0, u(-,0) = 0. Differentiating
our defining equation twice in space we have that

Dyuy = FYDy;;Dyu + FpD;Dyu + F,Dyu + F,

Dy = F9D;;Digu+ F% DyjpuDayu + F2d DyjguDgu + F2 DijuDyu + F Dyjpu
+ Fy D Dgu + F¥ DDyt + Fyipy DiguDjiu + Fi DyguDyu + Fpyip Digu
+ F,Dyyu + FY DyuDiju + F i DyuDgu + F,, DyuDiu + FLp Dyu
+ Fupay + F Diiu+ Fy, i Dyu + Fy, . Diu
+ low order curvature of g terms from interchanging covariant derivatives

Therefore, estimating all terms that involve only second derivatives, writing | D?*u|* = D*uDyu
where we are raising we have that

(|DU|2)t = Dklu(Dklu)t

< DMuF% Dy; Dygu + DM'uF* DypuDoyu + Cy (| D3| + 1)

= FYD;j|D*ul® — 2F" DiyjquD'u + Co(| Du||D*ul? + | D?u| + 1)
However, by uniform parabolicity we have that F¥ > X0 and so 2F" D;uD}'u > 2X|D?ul?.
Therefore v = |D?ul? satisfies

vy — FDijv < —(2)\ — Cy| D*ul)| D*ul?® + Co(|D*ul + 1)

< —(\ = Cov/0)|DPul?® + Cs

where we used Young’s inequality of the form ab < %az + ib? As v is continuous and
v(+,0) = 0 there is some 7 > 0 (possibly depending on higher derivatives of v) so that on the

time interval [0, 7], A — Cqy/v < 0, and we may take 7 to be the maximal such interval. On
this time interval we have that w := v — C5t < 0 is preserved by the maximum principle.
Suppose now that 7 < % In this case, we then see that v(-,7) < C37 and so 7 > %é%
otherwise we contradict the maximality of 7. We now have the first claim.
Exercise: Complete the second claim. Taking a derivative wrt time we have that
(w)y = FijDijut + FpiDijuy + Fou + F, < FijDijut + FpiDjug + C

Applying a maximum principle to u; — C't (and using that u;(-,0) = 0) we have that u, < C't.
A similar estimate with the opposite inequality gives u; > C't. O

Theorem 30. Suppose that u solves
u; = F(D*u, Du, u,x,t)
u(-,0) = uo(")

on My, where we assume that u € C**(Myg) with uy € C*(M). Suppose additionally that

F is twice differentiable, uniformly parabolic and convex, as in Assumption[4 Then there
32



exists 7,C,a > 0 depending only on |ugl 5, and F (and it’s derwatives) such that
[ul2yan, <C .

Proof. Set T to be as in Lemma 29 Using Lemma 29 and the fact that |uo|] < C, we see
that for r < min{\/7, 3},

2 2 : 2 2
sup Diu < Diu(z,0)+ Cr, inf Dju<Dju(x,0)—Cr
B(@)x[02] el 0) Br(z)x[0r2] ¥ (. 0)
SO
(33) osc  Dju<Cr.
By (z)x[0,r2]

Similarly, we have that

osc u <Cr.
B (z)x[0,r?]

From this we may estimate the Ry in Theorem 28 any r < min{/7, %} and x € M,
(34> [Dl]u] %r27r2] < Crl_o‘

a,BrX|

We now consider two points (z,t), (y,s) with 0 < s <t <7 and z,y € B,. We consider two
cases:

Case 1: Suppose that d((z,1), (y,s)) < ‘;—g . Applying Krylov-Safonov in the form of
with r = v/t, we obtain

Dyl 1) = Diguly, s)| < Cd((w,1), (y,5))°t 2 < Cd((x,1), (y, 5))°

Case 2: Suppose that d((z,t), (y,s)) > \2/—55 In this case the oscillation estimate, (33)),
yields
|Diju(z,t) — Diju(y, s)| < CVE < Cd((x,t), (y, s)) < Cd((=,1), (y, )"
Therefore we have that
[D?ju]a,Mq— S C.

As u; = F(D*u, Du,u, z,t), using properties of compositions of functions as in Lemma ,
we also obtain that [u], < C. As a result of interpolation and the bound on |u|g, the
theorem follows. O

Corollary 31. Suppose that F is twice differentiable, uniformly parabolic and convex, as in
Assumption @ Additionally, suppose that ug € C* and |ula . < Cy there exists a constant
C = C(C1, A\, N) such that

’u‘2+a7MT <C.

Corollary 32. Suppose that F is | times differentiable, uniformly parabolic and convex, as
i Assumption @ Additionally, suppose that ug € CY and |ulyn, < Cy there exists a
constant C; = C(Cy, 1, \, \) such that

[u|agiany < Cr .

Essentially, this says that the only thing that leads to the flow not continuing to exist
is either the C*! norm blowing up, or the equation ceasing to be uniformly parabolic, as
claimed.
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3.6. Weakening assumptions and alternative proofs. A natural question is to what
extent can we weaken the convexity assumption? The following is known:

e If n = 2 then we need no convexity assumption at all. This follows from the (strictly
2 dimensional) theory of quasi-conformal mappings.
o If n > 5 as least some extra assumption is necessary - there is a counter example.
o If F'is convex and F = FP for some p > 0 and we know that while the flow exists
0 < 6 < F|, < C then the above still holds (e.g. in the case of powers of inverse
mean curvature). In the evolution of w., this adds a difficult looking term of the
form
p(p — 1)]5”_215”Dmuf7’lekhu < (1+¢e)pp— 1)1‘7””_21571‘%’7 + lower order terms .
However, we may consider the evolution of u; = F|,. This satisfies a similar evolution
(by differentiating the equation in time) but even better, the evolution of F? gives
a term —pFP ' FUEF;, < —pAFP~'(F,)%. Repeating the arguments in Theorem
with w* replaced with w* := w* 4 F? then give Holder estimates on w. However, we
already know that F'? is Holder continuous and so we get the required result. Writing
this out in full is a worthwhile exercise
Another important question: Was the above the best way of proving the Holder estimates?
Possibly not. An alternative route (see e.g. Brendle—Huisken [I, Appendix A]) would be to
instead get estimates on u; as above and then use this to get elliptic estimates on [D?u],
from the elliptic equation F(D?u, Du,u,x,t) = f := uy, for example following the estimates
in Gilbarg and Trudinger [3, Chapter 17]. This has the advantage of making the proof of the
third bullet point above very quick — you don’t need to faff around with extra factors of F.

APPENDIX A. MISCELLANEOUS REFERENCED THEOREMS

Theorem 33 (Arzela—Ascoli theorem). Suppose that (X, d) is a compact metric space and
{fi}iczs, is a sequence of functions, f; : X — R, which are equicontinuous on X, that is

o there exists a C > 0 such that for all i € Zso, |filo = sup,ex |fi(x)] < C, and
o for any € > 0 there exists a § > 0 such that for any i € Zso, if d(z,y) < 0 then

[f(x) = fy)l <e

Then there exists a subsequence and a continuous function f on X such that f;; — [ uni-
formly as j — oo.

Let V, W be normed linear spaces and suppose that T": V' — W. Recall that the operator
norm is given by
T(x w

7] sup IT@w
zeV HxHV
z#0
A mapping is bounded if this is finite.
Theorem 34 (The method of continuity). Let B be a Banach space and V' a normed space,
and let Ly, Ly be bounded maps from B to V. For each t € [0,1] set

Lt = (1 - t)Lo + tLl
and suppose that there is a constant C' such that

2]z < CllLyz]lv
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for allt € [0,1]. Then Ly is surjective if and only if Lg is surjective.
See Gilbarg and Trudinger [3] Theorem 5.2, page 75] for a proof.

Theorem 35 (Contraction mapping theorem). Suppose that (X,d) is a complete metric
space and ® : X — X is a contraction, that is, there exists a 6 € [0,1) such that for any
r,ye X

A(D (), B(y) < 0d(,1)
Then ® has a unique fized point (i.e. a point x € X such that ®(z) = z).

See Gilbarg and Trudinger [3] Theorem 5.1, page 74] for a proof.

REFERENCES

[1] S. Brendle and G. Huisken. A fully nonlinear flow for two-convex hypersurfaces in riemannian manifolds.
Inventiones mathematicae, 210:559-613, 2017.

[2] C. Gerhardt. Curvature Problems. International Press, 2006.

[3] D. Glibarg and N.S. Trudinger. Elliptic Partial Differential Equations of Second Order. Springer-Verlag
Berlin Heidelberg New York, 1977. Third edition.

[4] N. V. Krylov. Lectures on Elliptic and Parabolic Equations in Hoélder Spaces. American Mathematical
Soceity, 1996.

[5] G. M. Lieberman. Second Order Parabolic Differential Equations. World Scientific Publishing Co. Pte.
Ltd., 1996.

[6] V. A. Solonikov O.A. Ladyzenskaja and N. N. Uralt’seva. Linear and Quasi-Linear equations of Parabolic
Type. American Mathematical Society, 1968, reprint 1988.

[7] S. Picard. Notes on Holder estimates for parabolic pde. Online lecture notes. Available at
https://personal.math.ubc.ca/ spicard/.

[8] O. Schniirer. Graphischer mittler kriimmungsfluss. Online lecture notes. Available at
http://www.math.uni-konstanz.de/ schnuere/skripte/skripte.html.

[9] O. Schniirer. Partielle differentialgleichungen ii. Online lecture notes. Available at http://www.math.uni-
konstanz.de/ schnuere/skripte/skripte.html.

35



	1. Parabolic PDEs and function spaces
	1.1. Degrees of nonlinearity
	1.2. Parabolic function spaces
	1.3. Strategy for fully nonlinear parabolic PDE long time existence theorems
	1.4. Equivalent norms, Ehrling's Lemma and interpolation
	1.5. Hölder spaces on compact manifolds
	1.6. Some exercises on Hölder spaces

	2. Short time existence and bootstrapping
	2.1. Schauder theory
	2.2. Short time existence using Newton iteration
	2.3. Short time existence using the inverse function theorem
	2.4. Bootstrapping

	3. Finding the missing  using Krylov–Safonov
	3.1. Ingredients
	3.2. Assumptions on F
	3.3. Interior second derivative Hölder estimates for simple F
	3.4. Interior second derivative Hölder estimates for general F
	3.5. Estimates near t=0
	3.6. Weakening assumptions and alternative proofs

	Appendix A. Miscellaneous referenced theorems
	References

